Introduction
We consider a compressible viscous fluid occupying an unbounded domain Ω ⊂ R 3 with a compact regular boundary ∂Ω. Ignoring the thermal effects we suppose the motion of the fluid is governed by a scaled Navier-Stokes system of equations ∂ t + div x ( u) = 0, (1.1) 2) where is the density, u the velocity, p ε the pressure, F is a given potential, and S denotes the viscous stress tensor determined through Newton's rheological law
In addition, the fluid velocity u satisfies the complete slip boundary condition u · n| ∂Ω = 0, S(∇ x u)n × n| ∂Ω = 0, (1.4) together with the boundary conditions "at infinity"
where ∞ > 0 is a given constant.
1 Equation (1.2) contains two singular terms depending on a small parameter ε resulting from a suitable scaling of the original physical variables. Our goal is to study the behavior of solutions to problem (1.1 -1.5) for ε → 0. This corresponds to the singular limit of the Navier-Stokes system, where both the Mach number and the Froude number are proportional to ε (see Klein et al. [12] ). Physically speaking, the fluid is almost incompressible and strongly stratified.
For the initial data in the form (0, ·) = 0,ε =˜ + ε (1) 0,ε , u(0, ·) = u 0,ε , (1.6)
we consider the associated family of weak solutions ε , u ε defined on an arbitrary time interval (0, T ). The pressure p ε is given as
with P (0) = 0, P ∈ C 2 [0, ∞), P (r) > 0 for all r ≥ 0, lim r→∞ P (r) r 2/3 = p ∞ > 0, (1.8) and the function˜ is the unique positive solution to the static problem
The reader may consult [6, Chapter 6] for the physical background of the scaling used in (1.7). The asymptotic limit for problem (1.1 -1.3) in a bounded domain was studied by Masmoudi [17] and in [5] (cf. also Bresch et al. [2] ). It was shown that the limit problem can be identified with the anelastic approximation, more specifically,
where div x (˜ U) = 0, (1.11) 12) and the velocity field U satisfies the complete slip boundary conditions (1.4). The complete slip boundary condition (1.4) corresponds to the acoustically hard boundary. Accordingly, if Ω ⊂ R 3 is a bounded domain, the gradient part of the velocity field associated to acoustic waves may exhibit fast oscillations in time, meaning the convergence of {u ε } ε>0 claimed in (1.10) is really weak with respect to the time variable. Consequently, the (weak) convergence of the convective term ε u ε ⊗ u ε toward its counterpart˜ U ⊗ U becomes a non-trivial issue. Fortunately, as shown in [5] , [17] , this term can be written as a sum of a compact part and a˜ ∇ x -component that may be included in the pressure term˜ ∇ x Π.
The main objective of the present paper is to show that {u ε } ε>0 converges strongly (pointwise a.a.) as soon as the underlying spatial domain Ω is unbounded, with a compact boundary. This may be viewed as a consequence of the local energy decay of acoustic waves in the asymptotic limit ε → ∞. To the best of our knowledge, the result is new even in the "flat" case F = 0,˜ = ∞ , where the limit problem is represented by the standard incompressible Navier-Stokes system.
The dispersive phenomena in the acoustic equation expressed in terms of the Strichartz estimates were exploited by Desjardins and Grenier [4] to show strong convergence of the velocity field in the low Mach number limit for the "flat" case F = 0 and Ω = R 3 . For a general exterior domain, however, the Strichartz estimates become much more delicate and require severe restrictions to be imposed on the shape of ∂Ω even in the "flat" case (see Metcalfe [18] ). Similar estimates for the acoustic equation with a non-constant wave speed are extremely difficult, and, in general, not available, even for Ω = R 3 (see Metcalfe and Tataru [19] ).
In this paper, we develop a new approach based on weighted space-time estimates for abstract wave equations due to Kato [11] . We essentially exploit the fact that (1.10) provides compactness of the velocity field with respect to the space variable. Accordingly, it is enough to apply Kato's result only to a fixed range of frequencies of the acoustic waves. In such a way, the problem is reduced to the validity of the limiting absorption principle for the wave operator that is relatively easy to establish for a vast class of spatial domains as well as wave operators.
The paper is organized as follows. In Section 2, we introduce the concept of weak solution for both the original and the target system and formulate our main result. Uniform bounds independent of ε are derived in Section 3. The heart of the paper is the analysis of acoustic waves, the motion of which is governed by Lighthill's equation derived in Section 4. In Section 5, we introduce a weighted analogue of the Helmholtz decomposition and show compactness of the solenoidal part of the velocity field. Finally, a detailed analysis of propagation of acoustic waves and the proof of the main result are given in Sections 6, 7.
Preliminaries, main result
Let Ω ⊂ R 3 be an unbounded domain with compact (regular) boundary. We shall say that , u is a weak solution to the Navier-Stokes system (1.1 -
and the following holds :
• equation (1.1) is satisfied in the sense of renormalized solutions, that means,
• the energy inequality
holds for a.a. t ∈ (0, T ), where
and˜ ε is the (unique) static solution, specifically,
As the pressure p ε is determined in terms of the function P through (1.7), it is easy to check that the (unique) positive solution to problem (2.6) satisfies
where
for r > 0,
Given ε > 0, the existence of weak solutions to problem (1.1-1.5) was established in [20, Theorem 7.15, Section 7.11] under the assumptions that
The proof is based on the method developed by Lions [16] and extended to the class of pressure functions satisfying (1.7), (1.8) in [7] .
Similarly, we introduce a weak solution of the target system (1.11), (1.12), (1.4):
The integral identity (2.10) implicitly includes the satisfaction of the initial condition
where H˜ denotes the weighted Helmholtz projection specified in Section 5 below.
The main result reads as follows. 
Then, passing to subsequences if necessary, we have
where U is a weak solution of problem (1.11) , (1.12) , with the initial datum
where H˜ stands for the weighted Helmholtz projection defined in Section 5.
In comparison with [5] and [17] , the main novelty achieved in the present paper is the strong pointwise (a.a.) convergence of the velocity fields that is not, in general, expected to hold on a bounded domain supplemented with the complete slip boundary conditions (1.4). As a matter of fact, we show that
Such a result is new even in the case Ω = R 3 , at least in the case the driving force F does not vanish identically. The rest of the paper is devoted to the proof of Theorem 2.1.
Uniform bounds
The proof of Theorem 2.1 requires uniform bounds on the families { ε } ε>0 , {u ε } ε>0 . To this end, it is convenient to introduce the following notation:
where˜ ε is the static solution satisfying (2.6). A direct inspection of formula (2.7) yields 0 < ≤ < ∞. Each quantity h ε admits a decomposition
where χ is a fixed function,
, χ(r) = 0 whenever r < /4 or r > 3 . 
Energy estimates
To begin, as a direct consequence of hypotheses (1.6), (2.11), we easily observe that the scaled initial energy E 0,ε /ε 2 appearing on the right-hand side of energy inequality (2.4) is bounded uniformly for ε → 0. Moreover, using hypotheses (1.7), (1.8), we deduce that
for all > 0, in particular, H ε is a strictly convex function. Dividing energy inequality (2.4) on ε 2 we deduce ess sup
and ess sup
ess sup
As H ε is strictly convex, relation (3.4) yields ess sup
Moreover, as the driving F is compactly supported and the static solution˜ ε is given through (2.7), we easily observe that
Consequently, estimate (3.6) yields ess sup
res is bounded below away from zero, we deduce from (3.5) that the measure of the "residual" set is small, specifically, ess sup
In order to obtain uniform estimates on the velocity gradient, we report the following version of Korn's inequality. 
Now, as a consequence of (3.2), we get 10) and, combining (3.3), (3.9) with Proposition 3.1 we may infer that
Finally, as a direct consequence of (3.1), (3.5), ess sup
which, combined with (3.2), gives rise to
We conclude, interpolating (3.12), (3.13) , that ess sup
which, together with (3.9), yields
Lighthill's acoustic equation
Motivated by Lighthill [14] , [15] we rewrite the original Navier-Stokes system in the form
supplemented with the boundary conditions (1.4). Equations (4.1), (4.2) as well as (1.4) are understood in a weak sense, specifically, the integral identity
Here, we have set
and
where, in accordance with the uniform bounds established in Section 3,
where, in accordance with (1.9), (2.6),
Furthermore, by virtue of (3.7),
Thus, the uniform bounds established (3.6 -3.15) allow us to conclude that
Finally, as r ε , V ε are weakly continuous in time, we get
1/˜ (Ω; R 3 ), we introduce a weighted variant of the Helmholtz decomposition in the form
where Ψ ∈ D 1,2 (Ω) is the unique solution of the problem
Here the symbol L We conclude this part by a simple observation that the solenoidal part of the vector field V ε is (weakly) compact in time, specifically,
, div x ϕ = 0, as a direct consequence of (4.4) and the uniform bounds (4.5 -4.12).
Compactness of the gradient part
In view of (5.1) it remains to establish compactness of the gradient part of the vector field V ε . To this end, we "apply" the Helmholtz projection to equation (4.4), specifically, we consider test functions in the form ϕ = ∇ x Ψ, with
Accordingly, equation (4.3) can be rewritten as
Abstract variational formulation
Our aim is to rewrite system (6.2), (6.4) in terms of a single differential operator
To be more precise, we introduce a (complex) Hilbert space where w denotes the complex conjugate, and we set
As˜ (x) = ∞ > 0 for |x| large enough, it can be shown that −∆˜ ,N is a self-adjoint, non-negative operator in L
2
(Ω), with an absolutely continuous spectrum [0, ∞). Moreover, ∆˜ ,N satisfies the limiting absorption principle
where Leis [13] ).
We denote by
(Ω). Accordingly, we can define, at least formally, G(−∆˜ ,N )[v] by duality as
as long as the integral on the right-hand side converges.
Next, we replace χ by˜ χ in integral identity (6.2) obtaining
We claim that the mapping
where Ψ, χ are interrelated through (6.7), is a bounded linear form for
the norm of which can be estimated in terms of
) . To this end, it is enough to observe that for χ specified in (6.8), the function ψ defined through (6.7) has two derivatives bounded in L 2 ∩ L ∞ (Ω). As Ψ satisfies (6.7), we get
Consequently, we have Ψ ∈ D 1,2 (Ω) and the desired conclusion follows from the standard elliptic regularity estimates. Note that
Thus equation (6.6) can be written in the form
with {h
Similarly, equation (6.4) reads N ) ). Note that, since Φ ε is given by (6.3), we have
Formally, system (6.9), (6.11) reads
12) 13) with the initial conditions r ε (0, ·) = r 0,ε , Φ ε (0, ·) = Φ 0,ε . (6.14)
Duhamel's formula
Solutions to (6.12 -6.14) can be expressed in terms of the data by means of Duhamel's formula as
Formula (6.15) holds in the sense that
Abstract result of Kato
To deduce the desired space-time decay estimates for the group exp(it −∆˜ ,N ), we report a result of Kato [11] (see also Burq et al. [3] ). 
We apply Theorem 6.1 to
(Ω) are given. To this end, we have to verify hypothesis (6.17). Since
it is enough to consider the values of the parameter λ belonging to a bounded set Q of the complex plane, namely
is a bounded linear operator in L
2
(Ω), with a norm bounded in terms of the parameters a, b, d. Furthermore, we have
On the other hand,
Consequently, validity of hypothesis (6.17) follows from the limiting absorption principle stated in (6.5).
14
Returning to formula (6.15) we can apply Theorem 6.1 to obtain
Finally, by means of similar arguments,
ds.
Combining relations (6.20 -6.23) with the uniform bounds established in (4.11), (4.12), and (6.10) we may infer from (6.15) that 
Compactness of the gradient part, conclusion
whenever βq ≤ 1. In particular, the functions ϕ(t, ·) belong to the Sobolev spaces W 1,q 0 (B; R 3 ) and may be extended to be zero outside B. Multipliers of this type play a crucial in the existence theory for the barotropic Navier-Stokes system on a bounded domain with the no-slip boundary conditions, and we refer the reader to [8] for technical details of the resulting estimates.
Thus taking ϕ as test functions in (2.3), and using the uniform bounds established in Section 3, we may infer, by means of the same arguments as in [8] , that
Recalling that p 0 ∇ x˜ =˜ ∇ x F we have
where, in accordance with (7.7), We have proved Theorem 2.1.
